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Solving Three-player strategic games by

Lemke-Howson Algorithm using coalative games
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Abstract: The Lemke-Howson algorithm is an effective method to find at list one Nash Equilibium for

a two-player bimatrix game. Here we want to use Lemke-Howson algorithm to find Nash Equilibrium of

Three-player strategic games. First we change Three-player stratgic game into two-player bimatrix game,

then solve it by the L-H algorithm and perform the program at matlab programming space.

Keywords: Equilibrium, Coalation, Cooperative game, Strategic game.

1 INTRODUCTION

A strategic game consists of: a finit set N (th set
of player), for each player ¢ € N a nonempty set
A; (th set of actions available to player i), for each
player i € N a preference relation on A = x ey A;
(the prference relation of player ¢. [2]-[3].
Cooperative games are the games in which play-
ers can cooperate and work in coalations. Per-
forming in coalations make better payoffs for the
persons who work in coalation. A coalation game
with transferabe payoff consists of a function v that
associates with every nonempty subset S of N (a
coalation) a real number v(S) (the worth of S). For
each coaltion S the number v(.5) is the total payoff
that is available for division among the members of
S.

Bimatrix game is a game in which there are two
matrices that show th payoffs associated with each
player. For example in a bimatrix game we have

matrices A and B. Each row ¢ of matrix A is asso-

*Corresponding Author

ciated with strategy i of player 1 and eache colomn
7 is associated with strategy j of player 2 and is
vice wersa for matrix B.

2 Lemke-Howson algorithm

Input: Nondegenerate bimatrix game with matri-
ces Apmxn and By, xpn, and an number k € {1,...,m+
n}. Output: One Nash equilibrium of the game.
Method: Call k missing number. Let (z,y) =
(0,0) € Px Q. Drop lable k (from z in Pifk € M,
from y in Q if k € N). That M ={1,2,...,m} and
N={m+1,..m+n}and P = {z € R"|z >
0,B'z < 1} and Q = {y € R"|Ay < 1,y > 0}.
Loop: Call the new vertex pair (x,y). Let [ be the
lable that is picked up. If [ = k, terminate with
nash equilibrium (z, y)(rescaled as mixed strategy
pair). Otherwise, drup [ in the other polytope and
repeat[1].
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3 Change three-player strate-
gic game to two-player bi-

matrix game

Suppose that we have a three-player game. At first
we select two players ¢ and j that can be in a coala-
tion. Now we can build matrices A and B. A
for player k and B for the coalation. A is payoff
matrix for player 1 and B represents payoff ma-
trix for the coalation which is obtaind by adding
payoffs of players ¢ and j at each pair of strate-
gis. Now we have bimatrix game and can solve it
by Lemek-Howson algorithm. Recall that we have
3 choices to perform an coalation. We check all
of them and consider the accomplishment of each
choice and their Nash equilibriums. For example
suppose that we have the following game:

N ={1,2,3} and S* = §? = 93 = {a, b}

player 3 choose strategy a:

1/2 a b

a

Cla, C2a; C3a

Cla; C2b; C3a

b C1b,C2a,C3a | C1b,C2b,; C3a
player 3 choose strategy b:
1/2 a b
a dia,d2a,d3p | dia,d2p,d3p
b dip, d2a,d3p | dip, dap, d3p
Half of table:
2/{1,3} (a,a) (a,b)
a C2a,Cla + €34 | d2a,d1a +d3p
b C2b,Cla + €30 | d2a,dia + d3p
Half of table:
2/(1,3) () (o)
a C2a,C1b + C3a | d2a,dip + dsp
b C2a,C1b + €34 | dab,dip +dsp

We have two matrices A and B that A is payoff
matrix of coalation {1,3} and B is payoff matrix of
player 2.

Cla + €30 dia+d3p c1p+c3qa dip+dsp
A= |cia+c30 dig+dsy cip+c3a dip+dsp
Cla + €3¢ dia+dsp C1p+ 30 dip +dsp

and:

B =

C2q dog C2q dag
Cop  dog  Caq  dop

4 conclusion

We can conclud that n-player games can be reduced
into 2-player games and solve them by Lemke-
Howson algorithm. The main idea is to change
Lemke Howson algorithm in order to solve n-player
games dirrectly instead of changing the model of

game.
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Abstract: Finding the global optimal solution for a general nonlinear optimization problems is a difficult

task except for very small problems. In this paper we identify a class of nonlinear optimization problems called

polynomial optimization problems(PO). A polynomial optimization is an optimization problem with a scalar

polynomial objective function and a set of polynomial constraints. we employ the technique of Groebner

basis (GB) as a useful method for finding optimal solutions in PO problems.To apply GB theory,we need

to consider the Lagrangian problem associated with the original PO and extract the system of nonlinear

equations associated with the first-order Karush-Kuhn-Tucker (KKT). By using Groebner Bases, we can

determine the global minimum of a polynomial program in a reasonable amount of time and memory.

1 INTRODUCTION

Consider the following global (nonlinear) optimiza-
tion problems (CGOP for short)

Gloobal min f(z) (1)
Subjectto c¢;(x) =0 i=1,...,m

where f : R® — R and ¢; : R®™ — R are once con-
tinuously differentiable functions. n is the number
of variables.

Problems of global optimization naturally arise in
many applications, e.g. in the advanced engineer-

ing design, data analysis, financial planning, risk

*Corresponding Author

management, scientific modelling, etc. Most cases
of practical interest are characterized by multiple
local optima and, therefore, in order to find a glob-
ally optimal solution, a global scope search effort
is needed. Generally speaking there are two types
of methods for tackling CGOP problem (1) (for a

general survey see [1]-[2]):

(i) The exact methods include complete enumer-
ative search strategies (applicable to certain
well-structured problems of type (1), such as
the concave programming), homotopy meth-
ods and related approaches, successive ap-
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proximation methods (applicable again to
certain structured global optimization prob-
lems), branch and bound algorithms (appli-
cable to broad classes of problem (1), such
as the concave programming, D.C. program-
ming, Lipschitz optimization, etc.), and oth-

ers.

(ii) The heuristic methods do not offer a guar-
antee of locating the global optimum, but
give satisfactory results for much larger range
of global optimization problems. Recently,
so-called metaheuristics, or frameworks for
building heuristics (originally developed for
solving combinatorial optimization problems)
became popular for solving GOP as well. Let
us mention some of them. Some of the best
known metaheuristic approaches use differ-
ent techniques in order to avoid entrapments
in pour local minima. The methods of this
type are the simulated annealing, genetic al-
gorithms, tabu search, variable neighborhood

search, etc.

A general nonlinear program is often too complex
for us to find its global solution. In this paper,
we propose a class of nonlinear optimization prob-
lems called polynomial optimization (PO) prob-
lems. A polynomial optimization is a mathemat-
ical optimization with a polynomial scalar objec-
tive function constrained by a polynomial system
of equations.Polynomial programs specialize to lin-
ear programs if both the objective and constraint
set are linear,and specialize to quadratic programs
if the objective is a second-degree polynomial and
the constraint set is linear.

A polynomial program consists of a polynomial ob-
jective function and a set of polynomial constraint
equations.In general,it is not a convex problem due
to the nonlinear terms that may arise in the objec-
tive and/or constraints. In this paper, we assume
that a PO problem is expressed in the following

10

form.

Gloobal min

f(x)
Subjectto P(x) =0

where f(:) is a scalar function, and P(z) is
a system of m polynomial equations.
PO have a wide spectrum of applications. Many
examples can be found in [1], [2]. A typical chem-
ical equilibrium system can be modeled by ten to
twenty equations in ten to twenty unknowns. In
robotics, a six-joint robot can involve a polyno-
mial program with eighteen equations in twelve un-
knowns.
In this paper, we propose a systematic procedure
for determining global optimal solutions for PO.
Without loss of generality, we assume that mini-
mal solutions are to be found. We first transform
a polynomial optimization into a Lagrangian prob-
lem. Based on the notion of Groebner basis, we
then reduce the Lagrangian problem to a canoni-
cal form by symbolic substitution and simplifica-
tion. Finally, we use numerical back substitution
to locate all extreme solutions in the reduced La-
grangian problem. The idea in this algorithm is to
preserve all the extrema by maintaining the alge-
braic structure of these extrema while performing
symbolic reduction.To ensure that a global solution
can be obtained, the numerical isolation of global
optimal solution is delayed until the mathematical
form becomes robust enough to tolerate numerical

€rrors.

2 Global Optimization

In this section we introduce the notion of Groeb-
ner basis as a useful method for finding optimal
solutions in polynomial programming.To apply
Groebner basis theory, we need to consider the
Lagrangian (KKT) problem associated with the
original polynomial program (2).The Lagrangian
for a polynomial program is defined as follows.

L(w,\) = f(z) = A P(2) 3)
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where X is the vector of Lagrange multipliers. Dif-
ferentiating this expression with respect to x and A,
we obtain the corresponding Lagrangian Problem
that finds  and A such that

VL(z,\)=0 (4)

The Lagrangian problem gives the first-order neces-
sary condition for optimality. All the global and lo-
cal extrema for the original optimization problems
are solutions to the Lagrangian problem.Hence, if
one can solve the Lagrangian problem and obtain
all its solutions, then obtaining the global minimum
becomes a more manageable task.

The Lagrangian problem associated with a PO con-
More
often than not, the polynomial system is strongly

sists of a system of polynomial equations.

coupled in the sense that any solution to the entire
system cannot start with a single equation followed
by back substitution to the others. We need a sys-
tematic procedure to simplify the polynomial sys-
tem so that after simplification we can obtain the
roots without much difficulty. We know that Gaus-
sian elimination serves this purpose for a linear sys-
tem. Buchberger carried this procedure one step
further to extend Gaussian elimination to polyno-
mial systems [3].

2.1 Groebner basis

A Groebner basis for a polynomial system is a
canonical form that represents the original system.
It can be shown that a Groebner basis contains the
same information as the original set of polynomials,
although it may contain more polynomials than the
original set. However, through decoupling proce-
dures, Groebner basis reduces the original problem
to a form that allows us to solve the reduced set of
equations by back substitution, which is extremely
difficult to do in the originalproblem. The following
Theorems shows the main properties of Groebner
Bases.

Theorem 2.1 (Buchbergers Criterion). Let I be a
polynomial ideal. Then a basis G = {g1,,g+} for I

11

is a Groebner basis for I if and only if for all pairs
i # j , the remainder on division of S(gi,g;) by G

18 zero.

Theorem 2.2. Let | be a zero-dimensional ideal
and G be the reduced Groebner basis for | with re-
spect to the lex term arder with x1 < X9 < ... < Zp,.
Then we can order gi, ..., gn such that g1 contains
only the variable x1,go contains only the variables
x1 and x9 and so forth until g, .

2.2 Global Optimization

Global Optimization of Polynomial Programs.
Based on Groebner bases, a global optimization al-

gorithm can be readily constructed as follows.
1. Generate L(x, \).

2. L(z, \) = Ousing symbolic differentiation to ob-

tain the Lagrangian formulation.

w

. . Apply Buchberger’s Algorithm to L(z, A) = 0.

I’

. Back-substitute by using a numerical root
finder.

)

. Compute f(z) for each set of roots.

=]

. Sort the values of f(z) obtained in increasing

order.

7. Check the second-order necessary condition un-

til the first minimum is found.

The first three steps need to be carried out by sym-
bolic computation so that the algebraic structure of
the optimization problem is maintained in spite of
the transformations and reductions made.The re-
sulting Groebner basis is much easier to solve than
VL(z,A) = 0 because of the minimal degree of cou-
pling achieved. In essence, Groebner basis reduc-
tion produces a triangular form of the system in
which the last equation can be ”trivially ”solved,
and the remainder of the triangular system, itera-
tively processed by ”back-substitution.” Since the
optimality of Lagrangian problems is based on first-
order differential equations, the resulting solution

may contain a mix of minima and maxima, and
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the second-order differential of the Lagrangian con-
dition has to be checked to ensure that the final
extremum obtained is indeed a minimum.

3 Numerical Experiment

In this section, we demonstrate the ability of the
optimization algorithm presented in the last sec-

tion to find global optima for general polynomial

optimization.
Minimize f(x1,72,23) = 2103523
Subjectto: —6+ 2?2 + 23+ 23 =0

1+ x0+2x3=0

Since there are two equality constraints, two La-
grange multipliers, A\; and Ay, are introduced to
formulate the Lagrangian problem. To locate all
the extrema, the resulting Lagrangian problem will
involve solving a system of polynomial equations,

VL(z1, 2, x3, A1, A2) = 0 or explicitly expressed as

Ao+ 2 121 + IL‘%.’E;; =0

Ao + 2 129 + 2x12003 = 0
—Xo + xlxg +2X23 =0
—6+ a3 + a3 +23=0

I +I172+(L’3:O

We use Maple software in order to apply Groebner

basis method to solve this system. We obtain

(2§ — 8x3 + 1922 — 12, —a5 + 2w9a2 + 423 — 22y
—3133,95% — Tox3 + x% -3, z1 +x2 — 73,

Ao + T9, 25 — Towz — 43 + 201 + 3]

Now one can solve equation with only one vari-
able z3 and second equation with two variable
Thus we have 1,—1,v/3,—/3,2, -2

as a solution for xzs.

and so on.
After a sequence of nu-
merical computations as specified in the global

optimization procedure, we obtain six solutions

12

to the Lagrangian problem that evaluate f to
{~4.0,-4.0,0,0,2.25,2.25,2.25,2.25}. The mini-
mum of f is simply -4 with (x1,22,23) equal to
(—1,2,1) or (1,-2,—1).

4 Conclusion

In this paper, we have identified a class of nonlin-
ear constrained optimization problems called poly-
nomial programming problems. This class of prob-
lems can be used to model many real-world ap-
plications as well as theoretically interesting prob-
lems. Based on Lagrange formulations, we propose
a deterministic global optimization procedure for
finding optimal solutions of a polynomial program.
Our algorithm employs both symbolic and numeric
computations; the symbolic part concerns the gen-
eration of Groebner bases as a canonical form for
We find that Groebner
Bases can remove as much coupling as possible in

Lagrange formulations.

the Lagrange formulations, resulting a triangular
system of equations that can be solved by numer-
ical back substitution. Finally, we illustrate our

algorithm on a interesting example problem.

5 Reference
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Infeasible path following alghorithm for linear

fractional programming

Seyed Saeed Nabavi , PhD student,

Semnan University, sacednabavi86@gmail.com
Mohammad Reza Safi, Academic member of School of Mathematics,
Semnan University, safi_mohammadreza@yahoo.com
Seyed Mojtaba Ghasemi , PhD student,

Semnan University, ghasemi59@gmail.com

Abstract: Infeasible path following algorithm is one of the best alghorithm for solving semidefinite pro-
gramming (semidefinite programming include linear programming, quadratic programming, second cone
programming and etc.). infeasible path following algorithm is a interior point method but the sequence of
answer is not feasible but this sequence convergence to a (optimal point) feasible point. We know linear
fractional programming can be converted to linear programming. In this paper we convert a linear fractional
programming to linear programming and then use infeasible path following algorithm for solving liear pro-
gramming.

Keywords: Infeasible path following algorithm, linear fractional programming.

1 Introduction If for all feasible point d”z + dy < 0 we
can consider :gi—m. There are several equiva-
Linear fractional programming is a optimization lent form. one of them is
problem such that objective function is fractional
that numerator and denominator are linear func-
tions and the constraint of problems are linear so
. min  «
min ﬁ (LFP) 'z +cy <a(d 'z +dy)
Ar—b Ax =10
x>0 z =0

It is easily to show a linear fractional programming

is not convex but is quasi-concave. The below as-

L This problem is nonlinear programming but by set

sumption is necessary. i ) )
a and seeking for feasible solution we have a ap-

Assumption 1.1. For all feasible points (LFP) proximate of optimal value and then update alpha,

dT'z + dy > 0. so we have sequence of linear programming.

13
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Anothe one is

min cTy + teg
dTy+dot =1
Ay = bt
y,t >0

Theorem 1.2. If (y,t) be a optimal point we have
t >0 and x = y/t is a feasible point and opimal

point.

Theorem 1.3. Consider below primal and dual

program
min ¢z (LP)
Ax =b
z>0
maz by (DLP)
ATy+s=c
s>0

If z* be a opimal point for (LP) and (y*,s*) be a
optimal point for (DLP) we have z;s; = 0.

2 Interior point method

2.1 Simple method

Definition 2.1. (Slater’s condition) We say LP
have slater’s condition iff there exist x such that
Az = b,x > 0 and there exist a point (y,s) such
that ATy +s=c,s > 0.

This condition is base of majority of inite-
rior point method for solving convex programming.

suppose x°

, 8% > 0 and y° arbitrary (not necessary
feasible point) we are seeking for a (Ax, Ay, As)
such that A(z+Ax) = b, AT (y+Ay)+(s+As) = ¢

and x + Az, s + As > 0. We can first solve

Alz+ LAx)=b
ATy + Dy) + (s + As) = ¢

14

For solve this problem, all of the equations are lin-
ear but AyAs. Since Ay and As is small first we
solve this problem with assumption AyAs = 0 and
replace Ay and As in equation and solve it. We
find better approximation of Az, Ay and As.
Then find the largest « such that

z+alx >0
s+als >0

And then update x,y and s

T =x+ alx
y=y+aly
s=s+ als.

2.2 Centerd interior point algorithm

Theorem 2.2. If LP has slater’s condition then
for all p > 0 there exist unige (x,y,s) such that

Ar =b,z >0
ATy 4+s=¢,5>0

TiS; = W.

(x,y,s) is called p-center. for solve lin-

ear programming similary last section we chose
(x,7,5), set u = x7s/n(n =dimention of x) then
find (Az, Ay, As) then find o and continue. it
can be proved sequence of p — 0 and sequence

of (x,y, s) convergence to optimal point.

3 Linear fractional program-
ming and infeasible path fol-

lowing algorithm

Consider

min o
e+ ey <ad 'z +dy)
Az =b
z>0
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We can find a feasible point with zero objective

function by infeasible path following algorithm,
suppose that xg be a feasible point for linear frac-
cTzo-i-cO

Teraq- Of
course we can do only several iterative of infeasible

tional programming and set a =

path following algorithm and find a point zy such

T
c” xo+c
ot We

should do this proccess for dual program and find

that may be not feasible and set o =

(Yo, s0). Note that this process can help us to accel-
erate to get optimal solution. Note that (¢, yo, So)
is not feasible for main problem and if (¢, yo, o) is
feasible for main problem this is a solution for main
problem. Now we can start main iteration and find
(Ax, Ay, As) and update (x,y,s). Also we can do
similar process for below linear programming for

solve linear fractional programming
min cTy + teg

dly +dot =1

Ay = bt

y,t >0
And then set x = y/t.
Remark 3.1. We can solve linear fractional pro-
gramming with standard problem and own dual
by infeasible path following algorithm but translate

into linear programming and useing own dual is
proposed.

Remark 3.2. Having slater’s condition is necces-
sory but is not sufficcient and it can bring a exam-
ple to show this.

4 Example

Consider The following LFP problem
o+ 1
z1+3
—r1+ 22 <1

—.’EQ§2

min

$1+2.’E2§7
ZE1§5

x1,%2 >0

15

We start by xg = (1,1) after three steps we have
2 = (1,2) that is optimal point.
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Abstract: In big M methods we use a big number instead of M. This is a big problem in computer compu-
tation. In this paper we have proposed a method for computer computation. We use a pair number instead
of a big number and explain how to use this in own computation. This method could be used in every
big M method, not necessary for finding feasible basis in linear programming such that linear fractional
programming and problem with absolute value condition and etc.. It should be noted The proposed method
does not increase number of computation.

Keywords: Linear Programming, Big M Method, Linear Fractional Programming, Feasible Base, Absolute
value Problem

1 Introduction e Ifproblem 1 has a bounded solution then prob-

lem 2 has bounded optimal value with xy = 0.
Consider following linear programming

min cx (1)
s.t. Az =b Last theorem says solve problem 2 equal
x>0 with solve problem 1 but important difficulty in

Without lose of generally we suppose b > 0. For using big M is Calculation error because sum of a

finding feasible base we consist following problem small number and a big number is big number and

which it is known big M problem effect of a small number is lost. In additional di-

vide to big number is zero and the others problem

e cx + Mo (2) in computer computational.
s.L. Az + Txog=b One of others problem that used big M is following
z,x9 >0 problem. Consider following problem

where M is a big number. At first the matrix [A]
is full rank so it is a Advantage of last problem and

always has a solution z = 0, zg = b. There are some

min cx (3)
theorems about last problem but following theorem
L s.t. Ax =10
is a important of all.
_ gz + 7| > s
Theorem 1.1. e If problem 1 has no solution
x>0

then optimal value of problem 2 is +oo.

16
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Problem 3 could be translated to following problem

min cx (4)
Az =b

qr +1r >s— Mt
gr+r<-—-s+M(1-1)

z>0,t€{0,1}

s.t.

Problem 3 and problem 4 are equivalent.

2 Proposed Method for re-

moving The problem

We propose to use the pair of number [a, b] instead
of a + bMnumber and define [a1,b1] + [ag,b2] =
[a1 + az,b1 + bs] and the others similarly.

Note that we don’t use a very big number but also
we use a ordered pair and in computer computa-
tional has not effect.

2.1 Compare two number

Suppose we have two numbers, one of them is
c1 = a1 + by M and the other one co = ag + ba M.
Compare of ¢; and ¢ is easy, because ¢; and co are
two real numbers. Now we would like to compare
dy = [a1,b1] and do = [ag, be]. At first we compare
by and by if by > by then dy > da else if by > by
then dy > di but if by = by then compare a; and as
if a; > ag then dy > dy and if ay > a; then dy > d;
and if a; = ag,b; = by then d = ds.

Remark 2.1. If we have division we can bring sim-

ilarly comparison between two numbers.

2.2 Linear Programming

In linear programming we consider two rows for
objective function which one is a row corresponded
to big M coefficient and the other row is ordinary
number and in every iterative we do everything do
in objective function in ordinary simplex method
with this difference that do in two rows.

17

Remark 2.2. The number of computer computa-

tional does not increase too much.

3 Example

Consider following example of linear programming
min — X1 — T2

s.t. TG —2T9—x3 =1

—z1+ 22+ 203 —24 =1

T1,X2,23,T4 Z 0

We add x5 andxzg and draw the simplex table

olofolof-1]-1]2
olofolo
t]-1[-1]o]1]o]1
aftl2[afof1]1
1 1 1 1 3
3 | =30 -5]0]-5]3
1] 1]o]lofolo]o
1 1 1 1 3
3 |73 |0 =51 5 |3
1 1 1 1 1
3| 3 |1]=3[0] 35 |3
ofofo 1]-1]o0
of2]of1|-2]-1]-3
tl1]ol1]2]1]3
ojof1]-1]1]1

This computation have no error in its computation.
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Abstract

A new method for finding the optimal control of linear time invariant singular systems with a quadratic cost
functional using Fourier series is proposed. Properties of Fourier series are first briefly presented and the
operational matrix for integration is utilized to reduce the dynamical equations to a set of simultaneous linear

algebraic equations.

Keywords: Optimal control; singular systems; Fourier series; operational matrix

1. Introduction

For the last four decades, the orthogonal functions
approach has extensively used in obtaining
approximate solutions of problems described by
differential equations such as anaysis of linear time
invariant, time varying systems, modal reduction,
optimal control and system identification [1,2]. The
main idea of this technique is that it reduces these
problems to those of solving a system of algebraic
equations and thus it greatly simplifies the problem.
The approach is based on converting the differential
equations into a set of algebraic equations. The state
and/or control involved in the equation are
approximated by finite terms of the orthogonal
series and using an operation matrix of integration
the integral will be eliminated. The form of the
operational matrix of integration depends on the
particular choice of the orthogona functions like
Walsh function, block-pulse functions, Laguerre
series, Jacobi series, Fourier series [3, 4], Besse
series, Taylor series, shifted Legendre, Chebyshev
polynomials, and Hermite polynomials. In this
study, we use Fourier series to approximation both
the control and state functions. It offers a different
approach from the standard variational method
[5,6,78] and has the advantage of being
computationally attractive. It avoids having the
integral equations, created from variational methods
by reducing the problem to the solution of an
algebraic system of equations, thus providing a
computationally more efficient approach.
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In addition, solving a system of coupled initial-
boundary-value problems, a requirement with the
maximum principle, is avoided. In this paper,
Fourier series is employed to solve the optimal
control of linear singular systems.

The main feature of optimal control problems is to
minimize a given performance index in a given
period of time with the minimum expenditure of
force. The Fourier seriesintegral operational matrix
is utilized to approximate the state variable and each
component of the control. The parameterization
approach uses a finite-term Fourier series with
unknown coefficient, which will be optimaly
found. By this, the quadratic optimization problem
is transformed into a mathematical programming
problem with objective of minimizing the unknown
coefficients to give suboptimal solution to the
problem. A necessary condition for optimality of the
unknown coefficients is derived as a system of
linear algebraic equations, and the solutions are
used to obtain the optimal trgjectory of the system.

2. Preliminaries and Problem Statement

2.1 Propertiesof theFourier series

Suppose a signa g(t) has finite energy over the
interval[0,L]. Theng(t) can be represented by a
Fourier series as follows

> 2npt 2npt
9() = gy + 3. 9, cos( = =
n=1

Where the Fourier coefficientsg,,, g, are given by

(1)

)+ g, sin(

g, %j g (1)t (29
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L
g, = %I g(t) cos 2npt d, n=123,... (2b)
0
.25 . 2npt 2¢
g, =fj(;g(t)sm 1 dt, n=123,... (2c)
IERI o o *72 L
We assume that the derivative of g(t)in eguation (2) 6 o0 o o E 2(;)3 v ;Dp rg
(1) is described by ; P ®
o o0 O ..0 O O O .. 2(r11)p 0
. z 2npt « . 2npt B
f(t)=9(t)=fo+2{frf305(np)+fn5'n(np)} (3) P<=Uo 0 0 .00 0 0 .. o -
Py L L 2rp
% %‘ 0o ..0 O O o0 .. 0 0
An approximation to f (t) and g(t) are obtained by 1 01 06 00 .. o o
keeping those termsin (1) and (3) for which 1<n<r oo L
and discarding others. % 0 o % o o

This may be written in a compact form as
The cross-product of two Fourier series vectorsis

=g O+Y{of. O+gf Ol=cTor) (4 ] _

9 =80 E{g CRCANC) © f2 ff, ... ff, ff .. ff;

ff, f2 ... ff ff .. tf

() = ff o)+ S {EF 0+ 11 O} =Fo@) O S oo :
n=1

fOET®)=|tf, ff, .. £2 ff .. ff

Where o f*]: f'*z 10| (@)
G=lg, & & G G & - gl 150 131 1'r 1 lsr
. , ff, £, ... ff €1 .. f°
F=[f, f f, fof £ fr]T (6) - ' ' .
o g . By using
o) =[f, f, f, fo f, f; 'fr]T . ) 0O n=m
f i dt=|f f (dt=3L
With Jo J.o 5 n=m
L
fo(t)dt=L
fn:cosy, n=0123,... IO o)
f;:sinm, n=123,...
L Wheremand n can assume any of thevalues1,23,...
The elements of 1 () are orthogonal in the we can easily obtain
L 0O nm _ i
' = 1
interval te@L). ie [ff, (Od=qL .
0 2 = 0
2
. . L . 1 (10)
The integration of vector @ (t)defined in equation D :IL” Tt = L 2
(6) can be approximation by 0 1
2
0
t 1
[[@)dt’ = Po (1) (7) | 2]

Where p is an (2r +x(2r +1) operational matrix ~ Where D isa (2r +D)x(2r +1) matrix. Thus D is a
of integration and is defined as. diagonal matrix and the simple structure of this
matrix plays important role in the direct method for

20



solving optimal control problem. Further, using
equation (3) we get

9(t) - 9(0) = [ f(t)dt’

And from equation (4), (5) and (7), using
g(0) =K' @(t), we have

(G" =K D(t) = F Pd(t)

Where K" =[g(0) 0 ... 0 G ... 0]thusweget

(GT-K")=FTp (11)

2.2 roblem statement
Consider linear timeinvariant (LTI) singular system

Ex(t) = AX(t) + Bu(t)
X0) =X,

(12)
(13)

Where x e R”is the state of the system, u e R?is

the input vector of the system, E € RP*" is assumed
to be singular with O <rank(E)< p,and A,B are

real constant matrices of appropriate size. The
problem is to find the optimal control u(t) and the
corresponding state trgjectory  X(t), 0<t<L,
satisfying equation (12)-(13) while minimizing the
cost function

J =%XT(L)S><(L)+% [ O+ Ru Tt (14)

In equation (14), T denotes transposition, S,Q and
R are matrices of appropriate dimensions, Sand
Q are symmetric positive semi-definite matrices and
R isasymmetric positive definite matrix.

3. Main result

3.1. Approximation of the singular system

By expanding X, (t), U, (t)and X, (t) in Fourier
series of orderr, we determine the following
approximated values, i.e. for P=123,...p,and
Z=123,...z weget

%o (1) = 2 o0+ Y faaf O+ 301, () }=AT0() (15)

U, () = byof o0+ Y buf O +bf (©) }=B o) (16)

1
r
i=1

21

21

60 = o o0+ X o O+ 0 }=CTo) (1)
Where {api 'a;i }* {bZi b }and {CPi ’C;i }are unknowns.
Let

(AX(D))p = Yol o1) + i{ypif (O+yaf Oy =y'on (18

(BU))p = o o(t) +i{|pifi(t> +Lf @ J=lop  (19)

(EXD)p =Woel o)+ 3 Wl @+ Wi ©) J=W'y  (20)

Using equation (i8)-(20) for eachp,P=123...pthe
right-hand side of equation (12) has the form

W) = (Y™ + L")

By equating the coefficients of the same- order
Fourier series, we obtain for p=12,3,... pand

W'=(Y"+L") (21)
Also, by using equation (11) we get the constraints
1 11,

Po = 8py — Xp (0)_(2%0 +a)jz;,jchJL:O (22)

Andfor i =12,3,...r we have
L .

Fo = a, +2_piCPi =0 (23)

. . 1 1
Fo = ap, —(—ipcpo+2picpijL:O (24)

3.2. The performance index approximation

We now approximate the performance index J by
using Fourier series.

Let
@ a -3 & & ...a)

a : : (25)
@ B B By By o)

. (tzlo b, b b b, b) (26)
by ... b BB, .. B)

And define the matrices:

<i>1(t>=[®T(° 0 ) éz(t){q’T(t) 0 J(27)

0 @) 0 @'(1)



Note thata,b and &, (t)and @, (t)are matrices of

order P(2r +)x1Z(2r +)x1and Px P(2r +1)and
ZxZ(2r +1)respectively. Using equation (15) and
(16) and (25)-(27) the state and control vector can
be expressed as

x(t) = d,(t)a (28)

ut)=d,(t)b (29)

Substituting equation (28) and (29) in equation
(14) we get

1

THT E 1 T Lo £
J=ZatdT(L)sh(La + ja Uocp (t)QcD(t)dt]a

+%bTUOL<I3T(t)R<13(t)dt}b
(30)

Equation (30) can be computed more efficiently by
using equation (10) and writing J as

3 =%aT[<D(L)<DT(L)®S}a +%aT(D®Q)a +%bT(D®R)b (31)

Where ® denotes the Kronecker product .

4. Conclusion

The Fourier series and the associated matrix of
integration (operational matrix) are applied to solve
the optimal control of singular systems. The method
is based upon reducing a linear singular quadratic
optimization problem to a set of algebraic equations.
The advantage of using Fourier series as compared
to Laguerre polynomias, shifted Legendre
polynomials and Chebyshev series is that in the
present method the, most of the elements of the

22
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operational matrix given in (8) are zeros, and matrix
D introduced in (10) is a diagonal matrix, hence
making Fourier series computationally very
attractive. Aswe can see from the tables, it is shown
that with a relatively low r, we have a very
accurate solution.
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Datas Size Accuracy (7)) | Time (s)
Haberman 306x3 73.53 0.52
Spect 237x22 58.8 0.51
German 1000x24 70 1.21
housevotes84 | 435 x16 89.42 0.54
Diagnosis 100x9 85 0.44
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A new DEA model to determine the most efficient

DMU in presence of weight restrictions, an application

in supplier selection problem

Bohlool Ebrahimi, Ph.D candidate, Industrial Engineering,

Technology Development Institute (ACERC), b_ebrahimi@jdsharif.ac.ir

Morteza Rahmani”, associate professor of Applied Mathematics,

Technology Development Institute (ACERC), Rahmanimr@jdsharif.ac.ir

Abstract: In real-life applications of data envelopment analysis (DEA) models, considering weight re-

strictions are necessary to prevent ignored or overestimated inputs and outputs in performance evaluation

process. Also it is required to consider the viewpoints of decision maker (DM) about the weights of inputs

and outputs. In addition, in some cases, DM needs to determine the most efficient decision making unit

(DMU). For these purposes, here we propose a new mixed integer linear DEA model to find the most efficient

DMU in presence of weight restrictions. The proposed model solves just one model to find the best DMU.

The application of the model is indicated by using a real data set of 18 suppliers. The results are compared

with standard DEA model (CCR model).

Keywords: Data Envelopment Analysis (DEA), weight restrictions, efficiency measure, most efficient

DMUs, supplier selection.

1 INTRODUCTION

Data envelopment analysis (DEA), introduced by
Charnes, Cooper, and Rhodes [1], is a mathemati-
cal programming to measure the relative efficiency
of a set of decision making units (DMUs). In clas-
sical DEA models, the weights of criteria are free,
so some inputs and outputs can be overestimated
or ignored in performance evaluation process. Also
the viewpoint of decision maker about the impor-
tance of criteria is not considered. To overcome
these drawbacks different types of weight restric-
tions have been proposed. The most popular type

is linear constraints, which can be categorized into

*Corresponding Author
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assurance regions type 1 (ARI) and type 2 (ARII)
and absolute weight restrictions. By using the ab-
solute weight restrictions and ARII, some prob-
lems such as infeasibility and underestimate the ef-
In 2010, Khalili et al.

[3] proposed a nonlinear programming to overcome

ficiency may be occurs [2].

these drawbacks. In presence of ARI, none of the
mentioned problems occurs, so this type of weight
restriction has been used extensively in real-life ap-
plications of DEA [3]. It should be noted that the
complete flexibility in the selection of weights is sig-
nificant in the identification of inefficient DMUs.

CCR model effectively divides DMUs into

two groups: efficient DMUs and inefficient
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DMUs.The efficient DMUs do not necessarily have
the equivalent performance in real practices. In the
real-world applications, it is necessary to rank all
DMUs, or find the most efficient DMU. For this
purpose, different approaches have been proposed.
Cross efficiency [4] and super efficiency [5] are some
examples of these approaches. These approaches
solve at least one model for each DMU, however
some researchers proposed various models to de-
termine the most efficient DMU by solving just one
model. The interest readers can refer to [6, 7, §],
for more study about these models. To the best of
our knowledge, all of these models have a limit in
considering weight restrictions. As explained, con-
sidering weight restrictions are necessary in real-
world applications of DEA model. Based on this
lack, in the next section we developed a new model
to fill this gap and enhance the area of finding the
most efficient DMU models.

2 A new model to find the
most efficient DMU

Utilizing weight restrictions in DEA is an appropri-
ate way to prevent the DMUs to overestimate or ig-
nore some outputs and inputs in the measurement
of relative efficiency. As explained in section 1, by
using ARI type of weight restrictions, no problem
occur. Therfore , in this paper we will use the ARI
in our approach. Our proposed model to find the
most efficient DMU in presence of weight restric-
tions is formulated as follows:
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Min d=3"%_, d;

s.t.

Doy Unlrg = Xoig Vitij +dj =05 j=1,-- kK

SO =k—1

d; < M6; j=1,- ,k

0; < Nd; j=1,-- .,k

0; € {0,1},d; >0 j=1,-- ,k

a; <t <af =23, ,n
;gﬁi—lgﬂj r=2,3,--,m

Uy, U > € r=12,---.m

i=1,2,---,n

(1)
Where, z;; is the amount of ith input con-
sumed by DMUj,y,; is the amount of rth out-
put produced by DMU;(j = 1,2,--- k;r =
1,2,---,m; i=1,2,--- ,n),d; represents the devi-
ation variable of DMUj from the efficiency. M and
N are large positive numbers ,o; ,a;“, B, Bt are
real positive numbers and € is the maximum non-
Archimedean. This model minimizes the sum of
deviation variables. Theorem 2.1 proves that solv-
ing model (1) gives a single most efficient DMU.

Theorem 2.1. Model (1) gives a single most CCR-
efficient DMU.

Proof. According to the CCR-efficiency definition
in the literature of DEA, DMU), is a CCR-eflicient
if and only if there exists at least a common set
of optimal weights u* > 0,v* > 0 , such that
Do Wrp — 2o YTy > 0 and 3T wiyn; —
S viz;; <0,Vj # p . Obviously, in the optimal
solution of model (1) for only one p € {1,2,--- ,k}
we have dj = 0 and dj # 0,Vj # p . In the
other words, this model finds a common set of pos-
) and

) such that the efficiency score

itive optimal weights u* = (uj,u3, - ,u},
* * ok *
U= (vl”UQv"' » Un

of DMU, is equal to one and the efficiency score of
other DMU s are less than one. O
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3 Nwumerical illustration

In this section a real data set of 18 suppliers are
used to illustrate the capability and usefulness of
the proposed approach. The data set for this ex-
ample is partially taken from [9] and contains spec-
ifications on 18 suppliers. The supplier inputs con-
sidered are Total Cost of shipments (TC) and Num-
ber of Shipments per month (NS). The outputs uti-
lized in the study are Number of shipments to ar-
rive On Time (NOT) and Number of Bill received
from the supplier without errors (NB). Suppose the
viewpoint of DM about the weights of criteria is as

follows:

To find the best supplier, first we used the CCR
model with the above weight restrictions and solved
18 models to calculate the efficiency scores of 18
suppliers (e = 0.001 ). The result is given in the
last column of table 1. As result shows, supplier 3
is the single most efficient DMU. Solving model (1)
by considering N = 100, M = 100, and ¢ = 0.001

gives the following result:

dy=0,d; >0,Yj#3 & d* =3.158

As proved in Theorem 2.1, this solution implies
that supplier 3 is the best among 18 suppliers. As it
can be seen, our proposed approach solves just one
model to find the best DMU, where CCR model
solves 18 models to obtain this result.
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Tablel:Related attributes and efficiency scoreof 18 suppliers

Supplier Out Out In In Efficiency
No put 1 put 2 put 1 put 2 score
DMU Y1, Y2, X14 Xa;

1 90 187 197 253 0.823
2 130 194 198 268 0.851
3 200 220 229 259 1

4 100 160 169 180 0.972
5 173 204 212 257 0.942
6 170 192 197 248 0.936
7 60 194 209 272 0.758
8 145 195 203 330 0.735
9 150 200 208 327 0.756
10 90 171 203 330 0.607
11 100 174 207 321 0.638
12 200 209 234 329 0.805
13 163 165 173 281 0.778
14 170 199 203 309 0.812
15 185 188 193 291 0.839
16 85 168 177 334 0.607
17 130 177 185 249 0.849
18 160 167 176 216 0.944

4 Conclusion

In this paper a new mixed integer linear DEA
model has been proposed to find the most efficient
DMU in presence of weight restrictions. It is math-
ematically proved that the proposed model iden-
tifies a single most efficient DMU by solving just
one model. The capability and usefulness of the
proposed approach is indicated by finding the best
supplier among 18 suppliers. It was shown that,
our proposed approach solve just one model to find
the best supplier. In CCR model, we need to solve
at least 18 models to obtain this result.
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Abstract: We propose a dynamic DEA model involving network structure in each period for fuzzy data

within the framework of a slacks-based measure approach. In this paper we deal with multiple divisions

connected by links of network structure with in each period for fuzzy data. This model compute, the

overall efficiency over the entire observed period, dynamic change of period efficiency and dynamic change

of divisional efficiency. The model can be implemented in input-, output-or non-(both) oriented forms under

the CRS or VRS assumptions on the production possibility set.
Keywords: Dynamic DEA, Network DEA, SBM, fuzzy Data.

1 INTRODUCTION

Traditional DEA (data envelopment analysis) mod-
els deal with measurements of relative efficiency of
decision making units (DMUs) regarding multiple
inputs vs. multiple outputs [?, ?]. One of the draw-
backs of these models is the omission of the inter-
nal structure of the DMUs. To reflect the actual
world, the network DEA model was developed to
take into account the internal structure of DMUs
using link variables. In addition, companies’ ac-
tivity generally continues across multiple periods.
The dynamic DEA model was developed to evalu-
ate DMUs performance from a long-term perspec-
tive using carry-over variables. We propose a model
combining these two developed models, resulting in
dynamic and network DEA with fuzzy data. This

combined model enables us not only to obtain the

*Corresponding Author
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overall efficiency of DMUs over the entire observed
period, but also to conduct further analysis, that is,
observing dynamic change of the period efficiency
and dynamic change of the divisional efficiency of
DMUs.

2 SBM formulation for dy-
namic DEA with network

structure

In this section, we define the dynamic SBM with
network structure (DNSBM) and formulate it as a

programming problem.
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2.1 Notations for division k in period ¢, and g, € Ry(r =
Lo.oorgg=1,....nk=1,... . K;t=1,....T)

We deal with n DMUs (j = 1...n) consisting of is output product r from DMU]j, division k, in pe-

K divisions (k = 1...K) Over T time periods
(t =1...T). Let mg and r be the numbers of them as inputs to division k.

inputs and outputs to division k, respectively. We Where &t

riod t. If some outputs are undesirable, we treat

ik yrJ i is triangular fuzzy number, in this

denote the link leading from division k to division . .
paper, we employ a parametric approach to solving

h by (k, h); and the set of links by Ixn[?]. the linear programming problem with fuzzy param-

eters [?].

3 The DNSBM model with (b) Links
Zigny € B+ = 1L...oml = L., Linst =
fUZZy data 1,...,T) is linking inter-mediate products of DMU]j

from division k to division h in period t, where Ly,
In this section, we define the dynamic SBM with

network structure (DNSBM) and formulate it as a (c) Carry-overs

i tt+1 .
programming problem for fuzzy data. Z(kl ) ¢ R.(j

is the number of items in links from & to h.

= 1,....m0 = 1,...)l;k =
LK t=1,...,T — 1) is carry-over of DMUj,

3.1 Notations at division k, from period ¢ to period t + 1, where
I, is the number of items in the carry-over from

We define the observed data as follows. division & [?].
First, we obtain the overall efficiency 6;. Then we

Inputs and outputs minimize period efficiency in T" while keeping the
p p
B ’ overall efficiency at 6;. Let us denote the period
(a) & € Re(@ = L..oomyj = 1. mk = efficiency in T’ thus obtained by 7 *.
SKEst=1,.. ) is input resource ¢ to DMUj
k iok o m ok;ba
1 ¢ ? T.T+1
- = my, + linking +nbady, \ <= T;,, (ko1 Zo(kh)iin  ft Z‘()klbad )
Ty © = min
[ 1 Tk T+ lznlcout,C (kh . ngoody (i",T+Cll)
k ’LOk O ou OR1goo
w1+ + 2 + 2. iy
,I'+1
= 1 + linkouty, + ngoody P Ut ok (et O(kh)lout = Z(()klgood)
Subject to
T l K [ mp St_ l'mkznk T(kh) nbady, o(t,t+1)
t Z k wk o 1in ok bad
S| St - S 5 e ) |
ot (t,t+1)
— Pt my, + lmkmk + nbady, T, (kh)l 1 Polkhyin k=1 Zokibad
t l K l linkouty, St(kh) ngoody S(t,t+1)
t k zok o jout okjgood
> |3t S 5 ) |
(t,t+1)
t=1 k=1 Tt lmkoutk + ngoody y“’k (kh)i=1 Zo(kh)iout ki=1 “ok;good
Where 77, , 9., is triangular fuzzy number, in this number T, , 755, defined as the set (T};1)as (U5j5)a
paper, we employ a parametric approach to solving in which the degree of their membership functions
the linear programming problem with fuzzy param- exceeds the level a:
eters [?]. First we introduce the a-level of the fuzzy
2
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(@jk)a = {@fgk) zt
Fhg)e = { Tz,

ijk

ijk

Now suppose that all inputs and outputs consider
that the degree of all the membership functions of
the fuzzy number involved in the linear program-
ming problem should be greater than or equal to
a certain degree o. Then, for such a degree «, the

Ead

.,K,jzl,...,n,tzl,...,T}

'7Kaj:1;-~-7n,t:17...7T}

problem can be interpreted as the following non
fuzzy linear programming problem which depends
on a coefficient vector (zf,,) € (T,;)a, (Y1) €

(Wrjn)a 7).

K my oT— linkin, QT nbady S(T T+1)
Z 1 iok Z o(kh)iin + Z okbad
— Rt 7 4 (T,T+1)
T k=1 - i+ Linking + nbady i1 Tiok  (khy=1 Zo(kh)in  fy=1 Zokbad
Ty © = min
"y oT4+ lznkout;c ngoody, S(T T+1)
wk 14 1 ka 4 Z o(kh lout Z ok;good
; (T, 7+1)
=1 re + lmkoutk + ngoodk i1 ywk (kh)=1 o(kh)zOUt k=1 ok;good
Subject to
t K mE  ~T— linkiny, Qt nbady o(t,t+1)
Z W' lzwk ll B 1 Sion So(khyin n Z Sokbad H
ki R P (tr+1)
t=1 k=1 my + linkiny, + nbady, \ 7= o} (k=1 Zo(kh)iin k=1 Zokibad
t t+ linkouty, Qt ngoody, o(t,t+1)
Z w Z w 1 Z wk + o(kh)out + Z ok;good
; Rt t (t,t+1)
po rk + linkouty + ngoody \ < ., (khyi=1 “o(kh)iout — j=1 Zokigood

4 Conclusions

In this paper we have developed a dynamic DEA
model with network structure (DNSBM) with
fuzzy data as a composition of the dynamic SBM
(DSBM) and the network SBM (NSBM).
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Abstract: In this paper, we have studied the optimum correction of absolute value equation (AVE) through

making minimal changes in the coefficient matrix and the right hand side using I3 norm. Solving this problem

is equal to solving a nonconvex and fractional quadratic problem. We change the fractional problem to a

quadratic constrained problem which is similar to the trust region subproblem. We apply the bisection

method to the aforesaid problem and managed to solve the fractional programming problem.

Keywords: Absolute value equation, Fractional programming, Trust region subproblem.

1 INTRODUCTION

Many mathematical programming problems can be
reduced to the NP-hard linear complementarity
problem ( LCP) which is equivalent to an abso-
lute value equation. The absolute value equations
(AVE) can be stated as follows:

Given a real n x n matrix A and real n— vector b,

find a real n— vector x such that

Az — |z| = b, (1.1)

where |z| denotes the component-wise absolute
value of vector z € R".
If it is solvable, it can has either unique solution or

multiple (e.g., exponentially many) solutions [?].

But in many obtained models, we often en-
counter problems which present as systems of in-
feasible absolute value equation. We could argue
numerous reasons for the infeasibility of a AVE sys-

tem, including error in data, errors in modeling,

*Corresponding Author
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and many other situations. The remodeling of this
system and finding its errors might take remark-
able time and expenses, and also we might eventu-
ally get to an infeasible system again we do not do
so. We therefore focus on an optimal correction of
the given system. In fact, we would like to reach
the feasible systems with the least changes in data.
The correction of infeasible AVE where the coeffi-
cient matrices are rank deficient considered in [?].
In this paper we will study correction of the in-
feasible AVE where the coefficient matrices are full

rank.

In order to make the above-mentioned sys-
tem feasible, we apply the changes simultaneously
in the entries of the matrix A and the right-hand
side vector b, and in order to correct system (?7?),
we respectively need to solve following fractional
and quadratic problem, not necessarily the convex
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ones :

- [[Az — |a — b]]?

1.2
sehn 14 ||z)? (12)

Sometimes solving the above-mentioned problem
leads to solutions with very large norms which
are practically impossible to use. To control over
the norm of the solution vector, we usually use
two methods. (¢) Tikhonov regularizing of prob-
lems, where a quadratic penalty is appended to
the unconstrained quadratic fractional problem [?],
and (i¢) regularized least squares method - which
is a well-studied approach for the unconstrained
quadratic fractional problem - where a quadratic
constraint bounding the size of the solution is
added [?]. So instead of problem (??), we could

deal with the following ones:

. JAn—o|—b?
B A e (1.3)

st x| < B

This article focuses on studying the problem

(27).

2 MAIN RESULTS

First, we consider the following minimization prob-

lem:

Theorem 2.1. Suppose that (E*, r*) denotes the
optimal pair to the problem (??). Then

Ax* —|z*|—=b

Lz 7

*

Az* —|z*| = b
L+ [Ja*|?

)

| Az—|z|—b] 2

where * is an optimal solution of min Tz
T

Above fractional problem can be formulated
as a double minimization problem in the the fol-

lowing way:
i min AT el =0l
B0 ||z]|2=p2 1+ 2

or

min G(B)

820

where

| Az — |z] — b
G = _—
(8) lolP=p 1+ 52

Calculating function values of G requires
solving a minimization problem with a quadratic

objective function and a norm equality constraint.

Therefore, we consider the following mini-

mization problem:

min || Az — |z| — b||?

l]|* = B2 (2:3)

minmin (|| E|2 + [r|?), st (A+ )z — |o| = b+ ry2.1fet [zl = D@)z and A = D(x) = § then the prob-

where A € R"™™ b € R" and E € R" " is a
perturbation matrix and r € R™ is a perturbation
vector.

The problem (??) is an nonconvex problem and to
solve it, we consider the following inner minimiza-

tion problem

min (| E|* +[|r[|*),  s.t. (A+ E)z —|a] =b+7,(2.2)

which is a constrained convex problem.

43

lem (?7?) reduced to

minz” Qz + gTx + bTb
x
lz])* = 62, (2.4)

where Q = STS, g = —257b.

Theorem 2.2. The vector x* is the solution of
(??) if and only if there is a scalar \ such that:
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Abstract: In this paper, we propose a projection neural network model for solving multi-extremal nonconvex

mathematical programming problems which may have many local minimizers that are not global.

This

neural network is designed based on the Kuhn-Tucker necessary conditions and sufficiency conditions for

multi-extremal nonconvex problems. Simulation results are given to illustrate the global convergence and

performance of the proposed model for multi-extremal nonconvex optimization problems.

Keywords: Smooth nonlinear programming problems; Global optimization; Recurrent neural network;

Kuhn-Tucker conditions; Multi-extremal programming problem.

1 INTRODUCTION

Consider the following mathematical programming
problems (NQPP):

min f(zx)

st. gi(z) <0, i=1,...,m,

(1)

x € | |[ws,vi].

.

=1

where f, g¢; are twice continuously differentiable
functions on an open subset of R™ containing D :=
[T [wi,vi], w; ,v; € R, i = 1,2,...,n. Problems
of the form (1) are common in multi-extremal pro-
gramming problems which may have several local
minimizers that are not global. Locating a global
minimizer of a multi-extremal nonconvex function
with several local minimizers is inherently difficult.
If a feasible point z* is a local minimizer of (1) and

if a certain constraint qualification holds then the

*Corresponding Author
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following Kuhn-Tucker conditions hold at x* with
multiplier A € R for all z € D:

i)\igi(x*) =0 and VL(z",\)(z—z") >0,
B )

the Lagrangian associated

The Kuhn-Tucker necessary conditions

where L(z,\) is
with (1).
for the local optimality at z* become necessary
and sufficient for the global optimality at * when-
ever (1) is a convex programming problem. Various
generalized convexity conditions such as pseudo-
convexity and quasi-convexity have been given in
the literature for a Kuhn-Tucker point to be a
global minimizer of a nonlinear programming prob-
lem and they often apply to problems where a local
minimum is global. This property, known as Kuhn-
Tucker sufficiency of global optimality of (1), not
hold for a general nonconvex problem (1). Jeyaku-
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mar et al. [4] derived the optimality conditions for
(1) by first constructing weighted sum of square un-
derestimators of the objective function of (1) and
then by characterizing the global optimality of the
underestimators. In this paper, we focus on propos-
ing a recurrent neural network model for solving
multi-extremal programming problem (1). We first
establish a relationship between problem (1) and
mixed nonlinear complementarity problems, then
we propose a projection neural network model to
transfer the multi-extremal nonconvex program-
ming problem (1) into a specific dynamic system

of the first order differential equations.

2 Description of the Method

In this section, we begin by presenting basic defi-
nitions and notations that will be used throughout
the paper. In what follows, ||.|| denotes ly-norm of
R™. If a function g : R™ — R, then yyg(z) € R"
and v72g(z) € R"*" stand for its gradient and the
Hessian at z. vectors x,y € R™, x > y means that
x; > y;, for i = 1,...,n. The notation A > 0 means
that the matrix A is positive semi-definite. Let

S={re R"g(z) <0} and A=DnNS.

Definition 2.1. Let Q be a closed convex set in
R™. Then for each x € R"™, there exists a unique
point y € Q such that ||z —y|| < ||z — 2|, Vz € Q.
The projection of x on the set Q with respect to

Euclidean norm is y = Po(z) = arg mig |z — 2]
z€E

Definition 2.2. A nonlinear mized complementar-

ity problem is to find a point x € R™ such that

2 Fi(z) =0, Fi(z) >0, 2; >0, Vie [

MNC’P(F)I{ Fi(z) =0, VieN\L

where F is a continuously differentiable mapping
from X = {z € R"|z; > 0,i € I} into R",
N={1,2,...n} and I C N.

Lemma 2.3. [5] The KuhnTucker condition (2) at

*

r* is equivalent to

Z)\ngi(w*) =0 and x;(VL(z*,))); <0,i=1,---,n
i=1

2
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where
-1 if xf = uy,
if xf =,
(VL(z*,N); if xF € (ug, ;).
Theorem 2.4. [}] Let x* be a feasible point of
(1) at which Kuhn-Tucker conditions hold with the
multiplier X. If for each x € D,

V2L(z,\) = V2L(x, \)+
—2)21(VL($*, )\))1 .

(v1 —u1)

—2Xn(VL(z", A))n

diag( E—

) = 0,
3)

then x* is a global minimizer of (1). Moreover, if,
for each x € D, V2L(x,\) = 0 then x* is unique.

b

Lemma 2.5. Let y* = ((z*)T,A\T)T be a solution
of MNCP(QG), where G : T — R"™ s defined by

Vaof(z)+ Z:ZI AiVzgi()

Gy = ) ()

—gm ()
ForT ={y= (2T, \")T|z € A, X > 0}. Then x*

is a local minimizer of (1).

Theorem 2.6. [2/ y* € T is a solution of
MNCP(G) if and only if it is a solution of

Yy =Pr(y"—G(y")) (5)

Combining the above two theorems, we pro-
pose a method which is constructed by using the
procedure below:

Step 1: Find a solution of MNCP(G). Let the
neural network model for solving M NCP(G) be
represented by the following dynamic systems:

Pp(z = (Vaf(x) + X721 XiVagi(2))) —
dy (M +ag1(@)t =M
dat :

A+ gm ()T = A
(6)
Step 2: Calculate the matrix V2L(x, \) + Q where

o . —2x1(VL(z™,\)) —2Xn (VL(z" \))n
Q = diag( Xl(vl_ul) Lo, X(Un_un) )

and ((z*)T, \T)T is a solution of M NCP(G).
Step 3: 1f V2L(z,\) + Q = 0, then z* is a global
minimizer of (1), else x* is a local minimizer of (1).
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Theorem 2.7. [1] For any initial point y(ty) =
Yo € R™™ there exists a unique solution y(t) for

the proposed neural network model.

Theorem 2.8. A neural network derived from the
proposed method is Lyapunov stable at each equilib-
rium point and globally convergent to a global min-
imizer of (1).

3 Numerical Example

In order to demonstrate the effectiveness and per-
formance of the proposed method in solving multi-
extremal nonconvex programming problems, we
give one illustrative example in this section. The
simulation is conducted in MATLAB.

Example 3.1. Consider the quadratic multi-

extremal programming problem:

min —1m2—1m2+5xm —x1—
41 42 412 1 2
s.t. —l‘l—l‘gfo,
1
géﬂhél, 1<z <1,

We solve this problem using the proposed
neural network. Simulation results show that the
state trajectories of the proposed model converge
to the local minimizers 2* = (1,—1),Z = (1,1) and
T = (%, 1). Fig. 1 shows that the trajectory of the
proposed neural network model converges to the lo-
cal minimizer . At the local minimizer z = (1,1),

Jvo

therefore Z is not global minimizer. The proposed

we have

o

V2L(z,\) +Q = (

SIS ST
=

neural network model can be used again for solv-
ing this problem. Fig. 2 shows that the trajectory
of the proposed neural network model converges
to the local minimizer &. At the local minimizer

)zo.

& = (4%,1), we have

PN

V2L(z, \) +Q = (

RS

5
1
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We use the proposed neural network model for lo-
cating a global minimizer of this problem again.
Fig. 3 shows that the trajectory of the proposed
neural network model converges to the global min-
imizer of this problem. But sufficient global op-
timality condition holds at z* = (1,—1) which
is the global minimizer. At the global minimizer

z* = (1,-1), we have

<
[\v]
=
s
R
+
Q
I
/N
IS
PN

)io.

1t > | dddddd2d

08f X% ]
g 4
{

X(t)
°

0 05 1 15 2 25 3 35 4 45 5
Time

Figure 1: Transient behavior of the proposed neural network

model (6) with equilibrium point z = (1,1).

0 05 1 15 2 25 3 35 4 45 5
Time

Figure 2: Transient behavior of the proposed neural network

model (6) with the equilibrium point £ = (3, 1).
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Figure 3: Transient behavior of the proposed neural network

model (6) with the equilibrium point ™ = (1, —1).
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Abstract: In this paper, a set of almost orthogonal Chebyshev polynomials on (—1,1) is considered in a

new manner to approximate signals generated by systems with built in imperfections. Defining relations of

these functions can be used for designing almost orthogonal filters. These filters are generators of orthogonal

signals and can be successfully applied in finding the best signal approximation in the mean square error

sense. An example is included for demonstrating the efficiency of the method. The results reveal that our

method is very effective.

Keywords: Almost orthogonal Chebyshev functions; Approximate filter; Transfer function.

1 INTRODUCTION

An electrical filter is a system that can be used to
modify, reshape, or manipulate the frequency spec-
trum of an electrical signal according to some pre-
scribed requirements. For example, a filter may be
used to amplify or attenuate a range of frequency
components, reject or isolate one specific frequency
component, and so on [2]. The applications of elec-
trical filters are numerous, for example:

- To eliminate signal contaminations, such as noise
in communication systems

- To separate relevant from irrelevant frequency
components

- To detect signals in radios and TVs

- To demodulate signals

- To bandlimit signals before sampling

- To convert sampled signals into continuous-time
signals

- To improve the quality of audio equipments, e.g.,

loudspeakers

*Corresponding Author
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- In time-division of frequency-division multiplex
systems

- In speech synthesis

- In the equalization of transmission lines and ca-
bles

- In the design of artificial cochleas.

Depending on the format of the input, output, and
internal operating signals, filters can be classified
to analog or digital. In analog filters the operating
signals are varying voltages and currents, whereas
in digital filters they are encoded in some binary
format. Continuous-time and sampled-data filters
are always analog filters. However, discrete-time
filters can be analog or digital [2]. Analog filters
can be classified on the basis of their constituent
components as

- Passive RLC filters

- Crystal filters

- Mechanical filters

- Microwave filters

- Active RC filters
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- Switched-capacitor filters

One of the major problems in the circuit theory, is
the filters approximation. Every physically realiz-
able circuit has a transfer function that is a rational
function in s. We are going to determine classes
of rational polynomials that approximate the ideal
low-pass filter responses.

Classical orthogonal polynomials have been used
for designing low pass orthogonal filters with var-
ious applications in mathematics [8], science and
engineering, such as in designing orthogonal sig-
nal generators [1], [7], least square approximations
[3], process modeling and identification [6], [4] and
practical realizations of optimal [9], [5] and adap-
tive systems [10], [11]. In the recent years, a special
class of orthogonal functions has been developed,
the so called piecewise constant orthogonal func-
tions with Haar and Walsh functions [13] as their
main representatives. This class has proven to be
especially convenient for analysis of dynamical sys-
tems. In this work, we define a class of almost
orthogonal functions of Chebyshev type in a new
manner to approximate signals generated by sys-

tems with built in imperfections.

2 Transfer function

Usually, in analog filters the input and output are
voltages, e.g., x(t) + v;(t) and y(¢) + vo(t). In such
a case the transfer function is given by:
Vo(s)

HV(S) = V;(S)

(1)

where V,(s) and V;(s) are the Laplace transforms
of v,(t) and v;(t). However, on occasion the input

and output are currents, in which case:
Io(s)

Ii(s)

where I,,(s) and I;(s) are the Laplace transforms of
1o(t) and ;(t).

A transfer function is said to be realizable if it char-

H(s) = (2)

acterizes a stable and causal network. Such a trans-

fer function must satisfy the following constraints:

50

1. It must be a rational function of s with real co-
efficients.

2. Its poles must lie in the left-half s plane.

3. The degree of the numerator polynomial must
be equal to or less than that of the denominator
polynomial.

A transfer function may represent a network of
comprising elements with real parameters, only if
its coefficients are real. The poles must be in the
left-half s plane to ensure that the network is stable
and the numerator degree must not exceed the de-
nominator degree to ensure the existence of a causal

network.

3 Almost orthogonal Cheby-

shev functions

Let A(z) be a positive Borel measure on (a,b) C R,

with infinite support and such that all integrals:

b
Ay = A(™) = / 2" dA(z), 3)

exist. We define a linear functional A on the real
polynomials space P, and also consider an inner

product as follows:

(fr9) =Alfgl, f,g€P. (4)

The Chebyshev polynomials of the first kind T, ()

are orthogonal on (—1, 1) with respect to the weight

function w(x) = \/11_7 The explicit form of this

polynomials are as follows:
(3]

T.(z)=mn
k=0

~DFn—k-1)! ,_
(k!)(n(—Qk)Mk)x G

If e = {e,} be a sequence of small positive real num-
bers, then the sequence of polynomials {T,(f) (x)}
which satisfy

(T ) = entangin) » (5 7 K), (6)
T2 = (1, 1) = e, > 0, (7)

are called almost orthogonal Chebyshev functions.
Some of the beginning terms of this sequence are:

2e(m — ¢) T — 2€
2 0 Ton 0 (®)

1,x+£,x2+
T
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It is clear that

lim 7.9 (z) = T, ().

e—0

(9)

4 Approximation filters

We can design Chebyshev type orthogonal filters
for determining approximate values of continuous
real functions. It is a known fact that in prac-
tice there is often a need for some real signal y(t),
obtained by measuring, to be represented in the

following form [12], [1]:

O =y (t) =D eT0W,  (10)

where Ti(ﬁ)(t) can represent almost orthogonal
Chebyshev functions generated by an almost or-

thogonal filter.

Figure 1: General approximation problem

Function approximation is achieved with mean
squared error (MSE), as optimization criterion, i.e.:

J=Tﬁ<wwwmm%t (1)

To attain the greatest matching of the given signal
y(t) and the approximate signal ys(t), J should
be as small as possible. The parameters ¢; (i =
0,1,,n) should be found to minimize J (and make

it zero, if possible).
Example 4.1. Consider the signal given by:

y(t) = 0.805 — 4.025¢ " + 8.05¢ 2! — 8.05¢ 3¢
+4.025¢ % — 0.805¢ ",

51

that can represented as a step response of real ther-

mical system with the transfer function:

0.805

W =
() = 500855 1 0.1255% 1 0.70857 -

+1.875s2 +2.283s + 1

The results of this problem are shown in figures 2,3.

= original signal

11 approximate signal| -

Figure 2: Original and approzimation signals

0.0014
0.0012
0.001

0.0008
w

MSI

0.0006

0.0004 -

0.0002 -

t

Figure 3: Minimum mean squared error

5 Conclusion

In the present paper, we proposed a set of al-
most orthogonal Chebyshev polynomials on [0, 1]
to approximate signals generated by systems with
built in imperfections. An example is presented to
demonstrate higher accuracy and simplicity of the

proposed method.
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Linear Plus Linear Fractional Problems with Absolute

Value Functions

E. Valipour®, Department of Mathematics ,

Shahid Bahonar University of Kerman, valipour@math.uk.ac.ir; ezat.valipour@gmail.com.

Abstract: This paper deals with a linear plus linear fractional problem with absolute value functions which

is nonsmooth. It considers a well-known transformation to convert the problem into a smooth one. It

also presents some conditions under which the proposed nonsmooth problem may not be equivalent to the

resulted smooth one.

Keywords: Linear pluse linear fractional programs with absolut value functions; Equivalent optimization

problems.

1 INTRODUCTION

Fractional programming problems occur frequently
in modeling of real-world problems,; in particular,
when one needs to optimize the efficiency of certain
activities. Several researchers investigated different
kinds of fractional programming problems [1]-[4].
In particular, several authors considered linear plus
linear fractional problems. They suggested some
methods to solve it [2], [4]. But, by notice to the
difficultness to deal with problems with absolute
value functions, linear plus linear fractional prob-
lem with absolute value functions have been noted
recently. Cadha and Chadha consider it as follows:

Y1 pilil +po

max Z(z) =", cilz;| + =L
( ) Z]—l J| (J|) ijlqj|$j|+(,]0
P(x
=C(x) +
“* Q)
s.t. Ax =0b,

(1)
where z is unrestricted, A is an m x n matrix and

b is a column vector m x 1.

*Corresponding Author
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Following transformation can be used to con-
vert Problem (1) into a linear plus linear fractional

problem with nonnegative variables [1]:

szx;.'—x], forj=1,....,n
+ —_

T ZO,+ r; >0

o= 473

=0.

(2)

LEJ.CL'

Transformation (2) without the restriction x;' T; =

0, converts Problem (1) into the following smooth

one:

max Z<9U)ZZ] 16%; +Z] 1657

Z —1P;T; +Z 1p1"3 +Po
+
Z =197 +Z =197 +qo
st. Azt — Az =b
zt, =t >0.

(3)

Since we ignore the restriction :rj' =0 to
obtain Problem (3), Problems (1) and (3) cannot
always be equivalent. This paper generalizes the
results in [1] and presents some conditions under

which both problems may not be equivalent. These
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conditions are determined so that neither simplex-
type algorithms nor the other algorithms for lin-

ear programming can solve Problem (1). Indeed,
it is shown that we have to consider the restriction
ﬂc;'x; =0.

2 MAIN RESULTS

The concept of Equivalent optimization problems
is defined as follows:

Definition 2.1. (/8]) Two optimization problems
are said to be equivalent if one of them can be con-
verted to the other using a transformation, and one

of the following conditions holds:

(i) both problems are infeasible;

(ii) both problems have the unbounded optimal

value +00 or —oo;

(#ii) both problems have finite optimal solutions
with equal optimal values.

Throughout this paper X; and X3 presents
the feasible sets of Problem (1) and (3), respec-
tively:

X1 ={z e R": Az = b},

and
Xy ={r € R*™: Az" — Az~ =b, =T, 2* >0}.

It can easily verify that X; and X3 are both empty
or not i.e., Problems (1) and (3) are both infeasible
or feasible. Thus, without loss of generality, we as-
sume that X7 # @ and hence X3 # (). The following
theorem presents some circumstances under which

Problems (1) and (3) cannot always be equivalent.

Theorem 2.2. Let X1 # (). Problems (1) and (3)
may not be equivalent if one of the following con-
ditions holds:

(i) Ik e{l,...,n}:cx >0, qp Z0;

(i) I3k € {1,....,n} : cx > 0, g = 0, and
Q(z) >0, Vz € Xy;

62

(i) 35 € {1,...,n}: e =0, pr. >0, g =0, and
Q(z) >0, Vo € X;.

In fact, the results in this paper are in the
follow of the Results presented by Chadha and
Chadha [1]. In order to compare the results in [1]
and in this paper some explanatory notes are as

follows:

e Chadha and Chadha considered X; is
bounded while our results are correct for both
bounded and unbounded feasible set X7.

e They assume that C(z), P(z) > 0, and
Q(z) > 0 for every x € X;. But, we have
no restriction on the sign of C(x) and P(z)
and even Case (i) in Theorem (2.2) is inde-
pendent on the sign of Q(z).

e They restricted the sign of all ¢;, p; and g;
for j =1,...,p. In contrast, the sign of only
one ¢, Pk, and qx.

e They presented some conditions under which
simplex-type algorithms provided by Teterev
[4] and Carosi and Martein [2] cannot be
used to solve Problem (1). But, this paper

presents some conditions under which neither

simplex-type algorithms nor the other algo-
rithms in linear programming can be used to

solve Problem (1).

Under conditions presented in Theorem 2.2,
it is not possible to solve Problem (1) by using an
smooth problem. In order to solve Problem (1) one
has to use the nonsmooth programming methods.
However, these methods are not usually application
oriented. So, finding a method which can solve it
in a reasonable time is an open problem which can
be noted in further researches.
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3 NUMERICAL
PLES

EXAM-

This section is devoted to some easy examples to
clarify the conditions of Theorem (2.2).

Example 3.1. Consider the following linear plus
linear fractional problem with absolut value func-

tions:

|z1] — 1

max Z(.’I?):2|.’L‘1|—|$2|+W
s.t. Olefl
0 S T2 S la

(4)
In this problem c¢; > 0 and q1 # 0. Regarding the
compactness of feasible set Problem (4) has a finite

optimal value. Transformation (2), without the re-

striction xTx; = 0, converts Problem (4) into the

J i
following smooth one:

max Z(z) =22 + 207 — 2] — a5
n ol +ap -1
—af —af -2 25 -2
Oﬁmf—mfgl
0<azf—a, <1

+o= ot
Ty, ©1, Ty, 5 > 0.

(5)

s.t.

(7, 27,25 ,25) = (0,0,0,0) is a feasible solution
of the above problem for every 6 > 0 and the value
of objective function is:

20 —1

7(0) = 40+ ———
(6) =46+ —,—.

where limg_, 4 Z/(E) = +4o00. Thus, the above prob-
lem has an unbounded optimal value and it is not

equivalent by Problem (6).

Example 3.2. Consider the following problem:

max Z(z) = |z1| + |22
|z2| + 3 (6)
st. 0<z <1
0< 22 <1,

In this problem ¢ > 0, p1 > 0, ¢ = 0, and
D(x) > 0 over the feasible set. By considering the
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compactness of feasible set Problem (6) has a finite

optimal value. Transformation (2), without the re-

striction xj':c]_

following smooth one:

= 0, converts Problem (6) into the

Z(w) =af +o7 +af +a3
+4x1++4x;—4x2+—4x; +2
Ty + x5 +3
0<azf—az; <1
0<af —x; <1

+ = ot =
Ty, T, Ty, T4 > 0.

max

s.t.

(7)
Similar to Example 3.1, it can be shown that Prob-
lem (7) is unbounded. Therefore, Problems (6) and

(7) are not equivalent.

Example 3.3. Consider the following problem:

max Z(z) = —|xg|
2|IE1| — |.'IZ2| +4
|za| 4+ 1 (8)
st. 0<z; <1
0<z, <1,

In this problem ¢ = 0, p1 > 0, ¢ = 0, and
D(x) > 0 over the feasible set. Problem (6) con-
verts to the the following problem:

max Z(z) = —a5 — x5
+2xf+2x;—m§r—m5+4
3 +ay +1 ()
st. 0<af—a7 <1

OSm;—mggl

+

p— + —
xy, T, Ty, T4 > 0.

Similar to the above examples it can be verified that
Problem (8) is bounded while Problem (9) is un-
bounded.
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